In this paper, the design, optimization and analysis of broadband full-Stokes polarimeters with immunity to both Poisson and Gaussian noise are presented. Different from the commonly-used optimization metrics such as, the condition number (CN), the equally weighted variance (EWV), or the polarimetric modulation efficiency (PME) for Gaussian noise, the optimally balanced condition for Poisson noise (BCPN) is, for the first time, proposed and used as a metric for the optimization of polarimeters. The numerical results show that the polarimeters optimized with the BCPN have immunity to both Poisson and Gaussian noise. The broadband polarimeters optimized from the BCPN are achromatic and have similar polarimetric modulation properties over the waveband, in contrast to the polychromatic polarimeters optimized from the CN, EWV and PME, whose polarimetric modulation properties vary with wavelength.
Introduction
Broadband polarimeters have the capability of measuring the state of polarization over a wide wavelength range [1] [2] [3] . They can combine with spectrometers to form spectropolarimeters, modulating spectrally-resolved polarization state in a variety of spectral lines [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . To demodulate the full-Stokes vector that consists of four Stokes components ( 0 S , 1 S , 2 S , 3 S ), the polarimeters should have no less than four modulation states [14, 15] . Generally, the broadband polarimeters can be categorized into two types: achromatic and polychromatic polarimeters [12, 13] . The achromatic polarimeters are built from achromatic or superachromatic retarders that are made of a set of crystal retarders or liquid crystal variable retarders (LCVR) [16] [17] [18] [19] [20] . Since the retardance and azimuth of retarder are similar over the whole wavelength range, the polarimetric modulation properties of the instrument matrix of the achromatic polarimeters will be similar at each wavelength. However, the achromatic retarders with the residual errors in retardance and azimuth usually are not suitable for high accurate polarimeters.
In contrast, the polychromatic polarimeters are configured directly from a stack of retarders regardless of their achromatic capability [21] [22] [23] [24] . The retardances and azimuths of retarders are optimized by using the specified metrics such as condition number (CN) [20] [21] [22] [23] , equally weighted variance (EWV) [25, 26] , or polarization modulation efficiency (PME) [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . These metrics are originally derived for optimizing polarimeters at a single wavelength, and subsequently are employed for the optimization of wide waveband polarimeters. Since there are two degrees of freedom (retardance and azimuth) in each polarization modulation state, the polarimetric modulation properties of the optimal polychromatic polarimeters usually vary with wavelength. Remarkably, these three metrics are based on the assumption that each modulation state has the same measurement uncertainty (such as Gaussian noise is dominant in the measurements), or the 0 S component of the incident Stokes vector is much larger than other components ( 0 S , 1 S , 2 S ).
The numerical results show that the optimal CN ( 2 CN 3 = ) of 2-norm is not affected by increasing the number n of modulation channels [38] , the analytical results show that the minimum CN ( CN 20 F = ) of Frobenius norm is also independent of the number n of modulation channels [39] . Although the CN performs well for diagnosing the condition of A, it doesn't have the advantage of multiple measurements for error minimization as demonstrated apparently by the EWV. The optimal value of the EWV has been analytically determined from a rotating-retarder full-Stokes polarimeter as EWV 40 / n = [40], and it decreases with the increase of modulation channels. For the polarimeter with the same number of modulation channels, the optimal retardances for the minimization of the EWV are usually different from that for the equalization of the noise variances on the last three Stokes parameters [40] . Both the CN and EWV lack the operation on the noise distribution for individual Stokes parameters. In contrast, PME can be used to handle the noise distribution on individual Stokes parameters [27] . For an optimally balanced full-Stokes polarimeter, the efficiency for 0 S is 0 PME 1 / 2 = , and for
, k S is PME 1/ 2 3 k = . They are also independent of the number n of modulation channels. However, the above three figures of merit, CN, EWV and PME, are effective only when the signal-independent detector noise is dominant.
Practically, there are some situations where the signal-dependent Poisson photon noise is dominant, such as the case in photon counting systems or quantum detectors with a sufficient level of light. Under these situations the measurement uncertainty will depend on the incident states of polarization. The corresponding metrics are then expected to minimize and balance the Poisson noise. Fortunately, the theory for the equalization and minimization of Poisson noise has been presented by Goudail [41] .
In this paper, we will propose a metric based on Goudail's theory, namely optimally balanced condition for Poisson noise (BCPN), for the optimization of the polarimeter in the presence of Poisson noise. The BCPN could lead to an achromatic polarimeter contrary to the CN, EWV and PME that usually lead to a polychromatic polarimeter. To the best of our knowledge, there is no any polarimeter that is designed and optimized using Goudail's theory and the proposed metric.
The matrix theory of a broadband full-Stokes polarimeter
The time-resolved broadband polarimeter usually comprises of a rotatable retarder stack followed by a fixed horizontally polarizer as shown in Fig. 1 . A spectrometer can be used to record the intensities corresponding to all of modulation states at each wavelength. Then spectrally-resolved polarization states are recovered with data reduction matrix techniques. If the retarders are made of passive materials such as Mica, quartz, MgF 2 and sapphire, the retarder stack could be packed as a monoblock and mechanically rotated to obtain different modulation state. In contrast, if the retarders are made from active materials such as photoelastic polarimeters, Pockels cells, nematic or ferroelectric liquid crystals, the retarder stack could be electrically switched to get a number of modulation states. Let us assume that the polarimeter consists of m retarders and the th p retarder's retardance and azimuth are ( p δ , p θ ). According to the Jones matrix theory [42] , the retarder stack can be considered as a single retarder followed by a single rotator at each wavelength and the total Jones matrix is a unitary matrix, Ret Ret
where Ret J is the Jones matrix of a rotated retarder, and Rot ( ) β J denotes the Jones matrix of a rotator with an equivalent rotation angle β , Rot cos sin .
sin cos 
If both the azimuth α and rotation angle β approach to zero and the retardance is close to a constant, the retarder stack will behave like an achromatic retarder. Consequently, the th i modulation state of the polarimeter will be
, 
where T represents transpose operation, and A is the 4 n × matrix with element ik A ( i = 1, 2,…, n ; k = 0, 1, 2, 3). If the retarder stack acts as a standard achromatic retarder, the instrument matrix A will be similar at each wavelength. That is the polarimeter has similar polarimetric modulation properties over the designed waveband. In contrast, if the instrument matrix A varies with wavelength but satisfies the optimization metrics CN, EWV or PME, the polarimeter is considered a polychromatic one.
For the input Stokes vector S with four components k S , the measurement intensity vector I includes n measurement intensities is = I AS [15] , and the measurement intensity at each modulation state is
The incident Stokes vector S is then estimated by ˆ= S BI and each estimated Stokes parameter is [15] , 1
where B is the data reduction matrix. If n = 4, B is the classical inverse as .
Since the uncertainty of the estimator Ŝ depends on the noise type in the measured intensity vector I , the instrument matrix A with good condition and minimum error propagation for different noise is required over the whole wavelength region.
Optimization metrics for Gaussian and Poisson noise
If the measurement intensities are affected by the signal-dependent Poisson noise, the noise variance will be equal to the mean value, ( )
with ,1
, the degree of polarization P , and the normalized Stokes vector s . Obviously, both of them depend on the incident polarization state P . The maximum and minimum variances are then obtained respectively as [41] ( ) ( )
has considered a particular case with n = 4 modulation states and pointed out the optimally balanced instrument matrix as
With this ideal instrument matrix, the variances become independent of the input polarization state P and the total variance reaches its minima. Recently, we proposed a special merit function and several optimal configurations for a single wavelength based the ideal instrument matrix [45] . However, the previous merit function does not work for the polarimeter with 4 n > modulation states. According to Eqs. (11) and (12), to make the variances independent of the incident polarization states P , the condition [0, 3] , 0
should be first fulfilled. Furthermore, for an optimally balanced instrument matrix, the noise variances on the last three Stokes parameters should be minimized and equal to each other, that is
The combination of the conditions in Eqs. (14) and (15) is considered as the optimally balanced condition for Poisson noise (BCPN). The optimal instrument matrix A for any number 4 n ≥ of modulation states (except for 5 n = , because there is no optimal modulation states [38-41]) could be determined with the BCPN.
Optimization of general polarimeters
To verify the feasibility of the metric BCPN, we first design and optimize general polarimeters that consist of different numbers of modulation states at a single wavelength. As stated previously [38-41], a general polarimeter consisting of a rotatable or variable retarder followed by a fixed polarizer can only reach the optimal values of the EWV, CN or PME. In contrast, a general polarimeter that consists of two variable retarders in tandem followed by a fixed polarizer can achieve the immunity of Poisson noise [45] . The retarders could be liquid crystal variable retarders (LCVRs) with electronically tuned retardances, ferroelectric liquid crystals with electronically switched azimuths, or crystal retarders with mechanically rotated azimuths. As an example, we will optimize the polarimeter that consists of two rotatable quarter waveplates (QWPs) at different numbers of modulation states ( are adaptive weight factors. While the first term minimizes the influences of the Poisson noise and polarization states, the second term minimizes and balances the influence of the Gaussian noise. A local optimization algorithm, gradient descent method, is applied to determine the optimal polarimeter at different numbers n of modulation states. The optimization process is repeated for many steps at each modulation number n . The initial azimuths for the two QWPs are random in the first step. The generated azimuths are then used as new initial values in subsequent steps. The azimuths that produce the optimal BCPN and its corresponding instrument matrix A are the solution of the optimization process. The metrics corresponding to the instrument matrix A at different numbers of modulation states are calculated in Fig. 2 . Fig. 2 . Different metrics vary with the number n of modulation states when a polarimeter consisting of two QWPs followed by a fixed polarizer is optimized with the metric BCPN.
It is found that k q approaches to zero at different numbers of modulation states as shown in Fig. 2(a) , meaning the determined polarimeters have immunity to the Poisson noise. The following relationships are observed from Fig. 2(b) 
The optimal ,0 k Q decreases with the number n . The figures of merit, EWV, CN and PME, also approach their ideal values as shown in Figs. 2(c) and 2(d) [38-41] , meaning the optimal polarimeters have immunity to Gaussian noise. The BCPN can be used for balancing both the Poisson and Gaussian noise. Since the previous analytical solution showed that the optimal EWV 40 / n = [40], so ,0 k Q are fundamentally related to the EWV, CN and PME. In other word, any figure of merit, EWV, CN or PME, also can get optimal solution for both Gaussian and Poisson noise by linearly combining with the condition in Eq. (14).
Design and optimization of broadband polarimeters

Error functions and optimization parameters
In this section, we will use the BCPN in Eqs. (14) , (15) and (18) 
where ( λ , θ ) are vectors that indicate a set of physically admissible wavelengths and azimuths. The optimization algorithm and process are similar to that in Section 4. 0 λ can be replaced with thickness or retardance of individual retarder, because they fundamentally relate to each other. During optimization, the retarder stack is not arranged as a Pancharatnam type or Pancharatnam-like type [16] , both the retardance and azimuth are flexible for optimization as we did previously [26] . For the convenience of assembling and alignment, the azimuth of the first retarder is usually fixed at 0°. The spectral sampling is equidistant in the wavenumber domain to avoid under sampling at short wavelength [31].
The choice of modulation states
Usually, the method to build the retarder stack and to find optimal values of the parameters ( ) , λ θ depends on the number n and the distribution of the modulation states. As stated in Section 2, the retarder stack acts as an equivalent retarder and rotator combination at each wavelength. The possible and fastest way to find optimal value should include two steps:
(i) The first step is to determine whether there is a combination of a retarder and a rotator that works for the selected optimization metric with the specific number n of modulation states at a single wavelength.
(ii) If the combination exits, the second step is to select the number of retarders in a retarder stack and use Eq. (21) to realize the function of such combination over the whole wavelength and determine the optimal values ( 0 λ , 0 θ ). The number of retarders in the retarder stack increases gradually to find the best solution. While fewer retarders are better for fabrication and assembling, more retarders are better for error reduction. It is well-known that 4 n = modulation states is the least number to demodulate the incident Stokes vector. Division-of-aperture and division-of-focal-plane snapshot imaging polarimeters usually employ four modulation states to achieve maximum spatial resolution on a single array detector [46] [47] [48] [49] [50] . For the optimization metrics CN, EWV and PME, there is an optimal retarder and rotator combination as pointed in reference [25, [38] [39] [40] [41] . The combination includes a 0° rotator and a 132° retarder, and rotates to four angles ( ± 51.7°, ± 15.1°) respectively. The retarder stack for this combination was achieved over the visible region [26] . However, these combinations are not valid for the metric BCPN [41, 45] .
For the 4 n > modulation states, there exists a combination that works for the optimization metrics CN, EWV and PME [40] . The retarder stacks for achieving the function of the combination were proposed in references [29] [30] [31] [32] [33] [34] [35] [36] . However, the combination is not valid for the metric BCPN either.
One of the methods to satisfy the metric BCPN for 4 n = modulation states is to use two different combinations, and each combination produces two modulation states [45] . As we reported previously [45] , the first combination includes a 0° rotator and a 102° retarder, and the combination rotates to ± 72° respectively. The second combination includes a 0° rotator and a 142° retarder, and the combination rotates to ± 35° respectively. This method also works for any above mentioned optimization metric (CN, EWV or PME). As an example, the two retarder stacks to achieve the function of the combinations will be presented in Section 6. The drawback of using these two combination is that it is not convenient to develop a division-of-time polarimeter architecture, because the two combinations should be exchangeable to produce all of four modulation states. In contrast, it is convenient to develop a division-of-amplitude, a division-of-aperture, or a division-of-focal-plane polarimeter architecture, because all of modulation states work in parallel.
Another method to satisfy the metric BCPN for 4 n = modulation states is to use two separate combinations. However, the two combinations should work in tandem for each modulation state and rotate to different angles simultaneously. If both the combinations are equivalent to QWPs, they should be rotated to four pairs of rotation angles ( ± 70.2°, ± 87.8°) and ( ± 42.8°, ± 19.1°) [45] . This method also works for any above mentioned optimization metric (CN, EWV or PME) and any number 4 n > of modulation states.
Optimization examples and discussion
For the broadband polarimeter integrated with a number of retarders, usually there are ripples in the transmitted polarization spectra resulting from the interference of the internal multiple reflections between the parallel surfaces of the retarders (Fabry-Pérot etalon effect) [51, 52] . However, retarders made of the same material can avoid severe ripples [17, 18] . As an example, a stack of retarder plates made of crystal quartz that is transparent over a relatively wide waveband is employed in the polarimeter. The birefringence of the quartz is calculated with the Sellmeier formula [53] . Since the true zero-order waveplate is too thin to be polished with current technologies, it can be replaced by the multi-order or compound quasi zero-order waveplate after getting the optimal parameters ( 0 λ , 0 θ ). Although the quartz plate can be cemented on an optical glass substrate and then polished to the true zero-order waveplate, the optical glass will introduce transitions in refractive index and thus increase the polarized spectral fringes in the transmitted spectra. In the following examples, the parameters ( 0 λ , 0 θ ) are optimized over the visible-to-infrared wavelength region of 0.38 -1.1 μm which is randomly selected. Theoretically, the optimization can be implemented within the spectral window of retarder' material. The design goal is to make the maximum spectrally averaged error no more than 5%, i.e. In this section, we optimize the retarder stack using Eqs. (19)-(21) for 4 n = modulation states. According to the approach in Section 5.2, two different retarder stacks should be designed for two pairs of modulation states. The first retarder stack #1 is rotated to the angles ± 72°, and the second # 2 is rotated to angles ± 35°. The maximum spectrally averaged errors BCPN 
Δε
for different numbers of retarder plates are summarized in Table 1 . 
2 PME 0 0 1 PME PME PME PME , As shown in Table 1 , only the retarder stack that includes more than 7 m = retarders can meet the requirement of the maximum error in the BCPN. Under this situation, the errors in the other three metrics also satisfy the requirement. However, the retarder stack with only 3 m = plates already can ensure the requirement of the metric PME, meaning the requirement of the metric BCPN is tighter than the metric PME. No obvious performance improvement for the retarder stack of the even number m to that of the odd number ( 1) m − . For the retarder stack with 9 m = retarders, the optimal values ( 0 λ , 0 θ ) of the two retarder stacks are listed in Table 2 . The corresponding spectral distributions of the four metrics are plotted in Fig. 3 . It is found that the resulted instrument matrix A at each wavelength is similar to the ideal matrix in Eq. (13). That means broadband polarimeter has the similar polarimetric properties over the whole wavelength region. Therefore, it can be considered as an achromatic one. This is different from the polychromatic retarders optimized from the metric PME [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
The difference can be explained physically. For any number n of modulation states, there is only a unique instrument matrix (such as the ideal instrument matrix in Eq. (13) for 4 n = ) which can fulfill the requirement of the metric BCPN and has immunity to Poisson noise. The optimal solution A at each wavelength should be similar to Eq. (13), and the only way is to produce achromatic retarders.
In contrast, it is not necessary to have a fixed instrument matrix to fulfil the requirement of the metric PME. It is well-known that the number n of modulation states corresponds to the vertexes of a polyhedrons that represented upon the Poincaré sphere [21, 25, 38, 39, 44] . Only regular polyhedrons can maximize the Poincaré sphere enclosed volume and result in polarimeters whose noise propagation of the intensity measurements is minimized. However, the orientation of the regular polyhedrons are variable, and different orientations means different instrument matrixes [38, 39] . Table 2 . The optimal values (λ 0 , θ 0 ) of the two retarder stacks with m = 9 retarders. Table 2 .
The achromatic behavior can be revealed by the equivalent retardance Φ and azimuth α of the resulted retarder and the equivalent rotation angle β of the resulted rotator that is represented in Eq. (3) and depicted in Fig. 4 . Obviously, the first retarder stack #1 is equivalent to a 102° retarder. Although the resulting retardance Φ has large vibration, the azimuths ( α , β ) of the resulting retarder and rotator are close to zero. The second retarder stack # 2 is equivalent to a 142° retarder. In contrast, the resulting retardance approaches to the ideal value, the azimuths of the resulted retarder and rotator have considerable vibrations. It demonstrates two quasi-achromatic retarders are the best solutions for the metric BCPN.
Since the retarder stacks act as achromatic retarders, we can also design two achromatic retarders directly with the function, , argmin ,
and then rotate them to angles ± 72° and ± 35° respectively. However, this method is not as efficient as the previous one, because it cannot account for the cooperation of the azimuths and retarders in the two retarder stacks [26] . 
Conclusion
In summary, we have proposed a new paradigm for the design and optimization of a broadband polarimeter with immunity to both Gaussian and Poisson noise. While the CN, EWV, PME only optimally balance the Gaussian noise in the polarimeter, the proposed BCPN accounts for both Gaussian and Poisson noise. For the optimizations with the metrics CN, EWV and PME, there will be a number of feasible solutions and only a few of them can satisfy the BCPN. However, it is hard to determine these special solutions for the BCPN. In contrast, by using the BCPN directly to optimize the retarder stacks, the optimal results are also applicable to the CN, EWV and PME. However, more retarders in each retarder stack are needed to fulfill the error tolerance of the BCPN. While the polarimeter optimized from the CN, EWV and PME is recognized as a polychromatic one, the polarimeter optimized from the BCPN can be achromatic. At least two retarder stacks are required to satisfy the requirement of BCPN over a wide waveband. If the passive elements made of Mica, quartz, MgF 2 , or sapphire are used to design the polarimeter, the two retarders or two retarder stacks should be separated completely. It would be hard to reduce the number of retarders in each retarder stack. However, if the active elements such as photoelastic polarimeters, Pockels cells, nematic or ferroelectric liquid crystals are used to design the broadband polarimeter, the two retarder stacks may cooperate with each other and it may be possible to reduce the number of retarders in each retarder stack. In future work, we will develop the broadband polarimeter with the active elements and use the minimum amount of elements in each retarder stack for a specific number of modulation states. 
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